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The minimum transport velocity (defined as the mean-stream velocity required to prevent the 
accumulation of a layer of stationary or sliding particles on the bottom of a horizontal conduit) 
was determined in a 1-in. pipe for an aqueous suspension of glass beads using glass beads 
having mean diameters of 78 and 310 p. 

The results of the present study were combined with prior pneumatic- and hydraulic-transport 
data for air and water suspensions to give a unique minimum-transport relation, valid for 
particles larger than the thickness of the laminar sublayer, that is  for particles which are 
immersed in the buffer layer or which extend into the turbulent core when resting on the 
pipe wall. The correlation showed that the ratio of particle settling velocity to friction velocity 
at the minimum transport condition was a function of particle Reynolds number, pipe Reynolds 
number, and the relative density ratio of particle to fluid. The results of the correlation suggest 
that a single mechanism is responsible for the initiation of particle transport throughout the 
range of conditions covered. This mechanism may be identified with Bernoulli forces due to 
instantaneous velocity differences accompanying turbulent fluctuations and largely confined 
to the buffer layer. 

In the second paper (1) in this 
series the minimum transport velocity 
was determined for flocculated par- 
ticles which were both smaller than the 
thickness of the laminar sublayer and 
which settled according to Stokes's 
law. For velocities greater than the 
minimum transport velocity these par- 
ticles were sufficiently small to be dis- 
tributed symmetrically throughout the 
conduit cross section by the action of 
turbulent eddies. 

Correlation of the data showed that 
for dilute suspensions the minimum 
transport condition was given by the 
expression 

Ut/uo" = 0.0083 (Dp u." p/p)"'" (1) 

An analysis of the forces exerted on 
particles in the above size range rest- 
ing on the bottom of the conduit 
showed that both Bernoulli forces and 
the action of turbulent fluctuations 
which penetrate the laminar sublayer 
gave substantially the same functional 
relationship as Equation ( 1) .  

Hydraulic and pneumatic transport 
of solids has found wide application in 
such diverse fields as the movement of 
hundreds of thousands of pounds of 
coal per hour from the pithead to 
steam power plants (2),  the convey- 
ance of catalyst in fluidized-bed chemi- 
cal reactors (3),  and the movement of 
fertile material through the blanket 
region of homogeneous nuclear reac- 
tors ( 4 ) .  These applications frequently 
involve particles considerably larger 
then the 60- to 100-p range which is 
the upper limit for Equation (1) with 
water. Therefore it was desirable to 
extend the correlation to large size 
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particles and also to verify the applica- 
bility of Equation (1) to nonfloccu- 
lated particles smaller than the thick- 
ness of the laminar sublayer. An 
empirical-analytical approach similar to 
that used in the previous paper was 
adopted because this provided a suit- 
able framework for the analysis of the 
forces responsible for particle transport 
and also because it permitted the in- 
corporation of the substantial body of 
information in the literature which 
pertains to the transport of solids. The 
complexity of the problem was reduced 
somewhat by dividing it into two 
parts: (1) the determination of the 
form of the minimum transport corre- 
lation for the limiting case of infinite 
dilution (that is a single particle rest- 
ing on the bottom of the conduit), and 
( 2 )  the determination of the concen- 
tration dependence for the minimum 
transport correlation. 

BASIC CONCEPTS 

The minimum transport velocity is 
the mean-stream velocity required to 
prevent the accumulation of a layer of 
stationary or sliding particles on the 
bottom of a round horizontal conduit. 
The minimum transport velocity is al- 
ways sufficient to prevent longitudinal 
concentration gradients [that is the 
congregation of particles into islands or 
mounds which slowly slide along in 
contact with the bottom of the pipe 
( 5 )  ] but frequently is not sufficiently 
large to prevent vertical concentration 
gradients due to the action of gravity 
on the particulate matter. 

The distinction between sliding bed 
and suspension flow was drawn by 
Blatch ( 6 )  in 1906, but perhaps more 
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significant was her observation (based 
on visual inspection of flow regimes by 
means of glass inserts in the pipe) that 
the minimum transport velocity coin- 
cided with the minimum in a plot of 
pressure drop vs. velocity. This obser- 
vation on the minimum transport con- 
dition has been amply verified for 
aqueous suspensions by subsequent in- 
vestigators (7 to 10). However Zenz 
( 3 )  has warned that care must be used 
in interpreting data for gas-solid sys- 
tems since two markedly different 
values of the pressure drop may be ob- 
tained in the immediate vicinity of the 
minimum transport velocity. The lower 
value of the pressure drop is found at 
velocities slightly greater than the 
minimum transport velocity and corre- 
sponds to flow with no deposit on the 
pipe walls. The larger value of the 
pressure drop is found at velocities 
slightly smaller than the minimum 
transport velocity and corresponds to 
flow above a settled layer. Therefore 
the minimum recorded value of the 
pressure drop must be used as the 
minimum transport condition when 
correlating data from the literature in 
the absence of direct observation. 

Flow Regimes 

In discussing suspension transport 
phenomena it is useful to separate the 
problem into different flow regimes 
depending on the distribution of par- 
ticles in the pipe or on the nature of 
the flow around the particles. 

Particb Distribution. Extensive in- 
vestigations (11) have shown that the 
major factor affecting the vertical dis- 
tribution of suspended solids in a flow- 
ing stream is the ratio of the terminal 
settling velocity to the friction velocity 
( U t / u , * ) .  All expressions have the 
form 

CJC, = $ (z2/z1)-ut'Ku,* ( 2 )  

and are based on the simple assump- 
tion that settling due to gravity is bal- 
anced by the upward transport due to 
turbulence. In Equation ( 2 )  c1 and C? 
are the concentrations at elevations 
2, and Z2, respectively; the coefficient 
K is commonly (12) considered a uni- 
versal constant for the flow of homo- 
geneous, Newtonian fluids with a value 

A.1.Ch.E. Journal Vol. 8, No. 3 Page 373 



of 0.4. However sediment transport 
data (13) indicate that it may have a 
value as low as 0.19 in two-phase flow. 
The friction velocity is given by 

u,' = d g .  rw/pm = 

dgo D Ap/4 pm L (3)  
and is related to the mean-stream vel- 
ocity in circular conduits by (25) 

U/U,* = 5 log N R e  - 3.90 (4) 

The terminal settling velocity is the 
settling rate of a single particle in the 
fluid medium. 

The selection of a particular value of 
the ratio UJu,' as a point of division 
into different flow regimes is somewhat 
arbitrary since the vertical concentra- 
tion gradient varies continuously with 
Ut/us*. With this limitation a value of 
UJu,,' = 0.2 represents a convenient 
measure of whether the solids are be- 
ing transported in suspension or as a 
concentrated layer moving through the 
lower portion of the pipe. For values 
less than 0.2 the particulate phase is 
transported substantially in suspension; 
for values greater than 0.2 the particu- 
late phase is transported predominantly 
in a layer along the bottom of the pipe. 
More quantitatively the value of 0.2, 
when inserted in Equation (2),  gives a 
concentration ratio at elevation Z,/D = 
0.88 and Z J D  = 0.12 of c2/cI = We. 
The value of UJu,' = 0.2 is esti- 
mated to be within 10% of the criterion 
given by Durand (7) for suspended 
flow in sand-water systems under nor- 
mal sediment transport conditions, 
namely that suspended flow would be 
expected for particle sizes less than 
200 p. This criterion based on particu- 
late size alone is of course less general 
than the one given above. 

Particle Flow Regimes. The nature 
of the flow around a partide as it set- 
tles toward the bottom of a conduit 
may be represented on a plot of U t /  
u,' vs. D,u,' p/p [for example Equa- 
tion (1) ] by lines of constant particle 
Reynolds number, ( D ,  u,' p / p )  ( U , /  
u.") = N,, = constant. The equations 
relating particle and fluid characteris- 
tics to the terminal settling velocity are 
readily available (14) and will not be 
repeated here. The demarcation be- 
tween the different settling-rate expres- 
sions is given by: 

Stokes's law (laminar flow) : 

N R B  < 1 ( 5 )  

Intermediate law (transition) : 

1 < N B e  < 501) (6) 
Newton's law (turbulent flow) : 

N R I  > 500 ( 7 )  
The lines separating these flow regimes 

Fig. 1. Flow regime classification for minimum 
transport correlation. 

are identified in Figure 1 together with 
the line for U,/u,* = 0.2, which is 
the dividing line for suspension flow and 
for flow predominantly in a layer along 
the bottom of the pipe. 

Finally, by considering the case of a 
particle momentarily in contact with 
the pipe wall, one can establish whether 
the particle is immersed in the laminar 
sublayer or whether the particle pro- 
jects into the buffer region or into the 
turbulent core. Von Karman (15) ds- 
fined the thickness of these layers in 
terms of the dimensionless parameter 

Laminar sublayer: y' < 5 (8)  
Buffer layer: 5 < y+ < 30 (9) 
Turbulent core: y+ > 30 (10) 

These limits are shown on Figure 1 
with the same value for the co-ordi- 
nates as used for the minimum trans- 
port correlation, thus giving the com- 
parison directly. The universal velocity 
profile defined by von Karman is also 
shown in the upper portion of Figure 

y' = ytr,*p/p: 
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Fig. 2. Effect of concentration on friction 
velocity a t  the minimum transport condition. 

1 and may be considered as the maxi- 
mum forward velocity that can be ac- 
quired by a particle when being trans- 
ported upwards from the bottom of 
the pipe. 

The definitions given above divide 
the minimum transport problems for 
the limiting case of infinite dilution 
into two major flow regimes, one of 
which can be subdivided into three 
regions (see Figure 1) : 

1. Flow with particles predominantly 
in suspension and particles which are 
smaller than the thickness of the lami- 
nar sublayer [Equation (S) ]  and 
which settle according to Stokes's law 
[Equation ( 5 ) ] ,  (flow regime I) .  

2 .  Flow with particles transported 
predominantly in lower portion of pipe: 

(a)  Particles which are smaller than 
the thickness of the buffer layer [Equa- 
tion (9)] and which settle according 
to the intermediate law [Equation 
( G )  1, (flow regime IIA) . 

(b) Particles which are larger than 
the thickness of the buffer layer [Equa- 
tion (10) ] and which settle according 
to the intermediate law [Equation 
( 6 )  1, (flow regime IIB) . 

(c )  Particles which are larger than 

tion ( l o ) ]  and which settle ac ording 
to Newton's law [Equation ( 7 ) ] ,  
(flow regime IIC). 

Flow regime I was treated in the 
second paper in this series ( I ) ,  but 
this paper is concerned primarily with 
regime 11, although new data for non- 
flocculated suspensions are also pre- 
sented to provide continuity with the 
previous paper. 

Particle Transport Mechanism 

By definition the minimum transport 
velocity occurs when the particles 
cease to slide along the bottom of the 
pipe but are transported by saltation. 
As described by Bagnold (16) there 
is a pronounced difference in saltation 
characteristics depending on whether 
the working fluid is air or water. With 
water the particles do not bounce more 
than a few particle diameters above the 
pipe wall, whereas with air particles 
may bounce from 100 to 1,000 particle 
diameters. Under some circumstances 
this means that particles bounce from 
wall to wall as they are transported 
along the pipe (17). Bagnold f16) 
has shown that this difference is pri- 
marily a function of the ratio of particle 
density to fluid density and may be 
thought of as due to the difference in 
speed with which grains strike the wall 
in the two different fluids. Bagnold 
also showed that if there was a deposit 
of particles on the bottom of the pipe 
in the air-suspension studies, the mo- 
mentum of a returning particle was 
sufficient to produce a distinct splash 

the thickness of the buffer layer ply- 
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TABLE 1. RANGE OF VARIABLES INCLUDED IN MINJMUM 
TRANSPORT CORRELATION FOR FLOW REGIME I1 

Pipe, diameter, D, in. 
Particle diameter, D,, p 
Settling velocity, ft./sec. 
Particle density, g./cc. 
Fluid density, g./cc. 
Viscosity, centipoise 
Friction velocity, ft./sec. 
D d D  

Water 

0.496 to 32 
190 to 38,100 

0.067 to 2.07 
1.3 to 11.3 
0.98 to 1.0 
0.54 to 1.5 
0.08 to 0.54 
0.00033 to 0.25 

of particles, thus enhancing materially 
the ability of the air stream to trans- 
port solids. The problem of resolving 
the transport mechanisms is further 
complicated by the poor understanding 
of such factors as the effect of velocity 
gradients on the rotation of particles 
(18, 19) and the effect of turbulent 
fluctuations on the dynamics of a freely 
moving body ( 2 0 ) .  

Nevertheless certain forces may be 
identified, among which are: 

1. Gravitational forces (14)  causing 
particles to settle. 

2. Bernoulli forces ( 2 0 )  caused by 
the mean velocity gradient across the 
particle and by instantaneous velocity 
differences accompanying turbulent 
fluctuations. 

3. Forces caused by the spin of the 
particles (18, 19) which give rise to 
the Magnus effect. 

4. Viscous drag caused by the action 
of the mean velocity on the particle 
( 2 4 ) .  

5. Frictional force between the par- 
ticle and the wall as the particle 
bounces (35). 

The particular forces relevant to a 
discussion of the minimum transport 
condition are those acting opposite to 
gravity since by definition there must 
be sufficient lift on a particle to impart 
a bouncing motion. The only forces 
from the list given above which need 
to be considered are the Bernoulli 
forces and those accompanying the 
Magnus effect. Torobin and Gauvin 
(18)  have reviewed the data for spin- 
ning particles and concluded that 
under most circumstances the Magnus 
effect would not contribute appreci- 
ably to particle entrainment. Irmay 
(20) has made a detailed study of par- 
ticle trajectories and has shown that 
there is a mean acceleration reaching 
15 gL and more in the buffer layer 
[Equation (9) ] directed upstream and 
somewhat toward the axis. These large 
forces on the particles are due to in- 
stantaneous accelerations accompany- 
ing the turbulent fluctuation of the 
fluid medium and apparently are of 
primary importance in the turbulent 
transport of particles. 

Since measurement of turbulent fluc- 
tuations was beyond the scope of the 
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Air 

0.62 to 1.75 

1.35 to 23.0 
1.08 to 2.65 
0.0012 to 0.0029 
0.018 
1.04 to 2.7 
0.0062 to 0.057 

97 to 2,000 

present paper, an alternative correla- 
tion procedure was required. As in the 
previous paper (I ) advantage is taken 
of the fact that Laufer (21) showed 
that the turbulent -fluctuations at  any 
given radial position are proportional 
to the friction velocity essentially in- 
dependent of the Reynolds number. If 
the particle terminal settling velocity IS 

taken as a measure of the gravitational 
forces, the friction velocity may be 
taken as a measure of the radial forces 
on a particle, and the ratio of these two 
terms UJu.' will be considered as one 
of the primary factors in the subse- 
quent correlation. Results of turbu- 
lence studies (18, 21 ) suggest that this 
ratio will be a function of both a par- 
ticle Reynolds number and a pipe 
Reynolds number. Other factors which 
may be important will be discussed in 
a later section. 

EQUIPMENT AND PROCEDURE 

The equipment and procedure were de- 
scribed previously ( 1  ) Significant features 
were the loop system having a weigh tank 
for determining flow rate and a 404% sec- 
tion of 1.045-in. diam. pipe. The last 10 
ft. of the section consisted of glass pipe 
where the minimum transport condition 
was determined visually. The suspension 
was circulated by means of a pump with a 
variable speed drive; a bypass line around 
the test section gave additional flexibility in 
adjusting the velocity. 

All the solids in the system were sus- 
pended completely before the start of any 
minimum transport velocity determination. 
The mean velocity was then lowered until 
the first sediment was observed sliding 
along the bottom of the conduit. The veloc- 
ity was then increased to resuspend the 
sediment and lowered again to a value 
slightly higher than when the sliding bed 
was observed. This procedure was fol- 
lowed until the system had operated for at 
least 30 min. with no sliding bed and with 
the suspension being transported by salta- 
tion. The mean-stream velocity for this 
condition was defined as the minimum 
transport velocity and was reproducible to 
within +_5%. 

The particulate phase used in this study 
consisted of two different sizes of commer- 
cially availabIe glass beads: -140, +270 
mesh with a mean diameter of 78p, and 
-40, +70 mesh with a mean diameter of 
310p. The concentration was varied from 

to 6 x 10" volume fraction solids. 

Concentrations in this range were deter- 
mined by collecting a 1-liter sample of sus- 
pension from the discharge to the weigh 
tank and evaporating to dryness. Emphasis 
was placed on the dilute concentrations in 
order to verify the concentration depend- 
ence deduced from literature data which 
usually were more concentrated with a 
range of 10- to 4 x lo-' volume fraction 
solids. 

Mean-settling rates were determined 
from hindered-settling measurements ex- 
trapolated to zero concentration with the 
relation developed by Steinour ( 22) ; these 
settling rates corresponded within experi- 
mental error to the value calculated (14) 
from the mean diameter. If settling rates 
were not reported in the literature, they 
were calculated with the procedure out- 
lined by Lapple (14),  and when necessary 
a correction for nonsphericity was applied 
based on the extensive data of Richards 
( 2 3 ) .  

EXPERIMENTAL RESULTS 

Typical results for a variety of dif- 
ferent air and water suspensions are 
shown in Figure 2 as the friction vel- 
ocity at the minimum transport condi- 
tion vs. the square root of the volume 
fraction solids. The data for the pres- 
ent study were obtained by direct ob- 
servation through the glass pipe walls, 
but the data from the literature repre- 
sent the minimum in the plot of pres- 
sure gradient against velocity, the 
value commonly accepted (6 to 9) 3s 
corresponding to the minimum trans- 
port velocity. Two facts are immedi- 
ately obvious from Figure 2 :  the data 
for gas-solid systems exhibited a pro- 
nounced minimum in the friction vel- 
ocity, whereas the data for liquid-solid 
systems followed a straight-line rela- 
tionship: 

u,* - u.* = K 4''' (11) 

The term uOQ is just that required for 
the correlation according to the scheme 
outlined above. 

The situation in gas-solids systems is 
not as clear because the data are quite 
limited; nevertheless available data are 
qualitatively similar and appear to be 
entirely consistent with the extensive 
observations of Bagnold ( 2 4 ) .  He ob- 
served that in the absence of suspended 
solids very large friction velocities were 
required to initiate particle flow. As 
soon as solids became suspended, the 
friction velocity required to maintain 
flow was materially reduced because of 
the large amounts of energy picked up 
by particles from the high-velocity 
portion of the stream and transmitted 
to the wall region as the particles col- 
lided with the wall. From this brief 
description it is clear that the data to 
the left of the minimum in Figure 2 
are those to be extrapolated to zero 
concentration to obtain uOQ for gas- 
solid suspensions; that is the minimum 
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transport correlation is primarily con- 
cerned with fluid-particle interactions, 
not particle-particle interactions. 

The results of the present study, as 
well as extensive data from the litera- 
ture, are shown in Figure 3 within the 
same framework used in Figure 1 to 
define different flow regimes. (Note 
that triangular-shaped points are used 
for all gas-solid data.) 

The only new result in flow regime 
I is that of the present study with non- 
flocculated glass beads with a mean 
diameter of 78 p .  It  is in good agree- 
ment with the other regime I results, 
and a least-squares analysis gives 

The exponent in Equation (la) is in 
better agreement with that derived 
from Bernoulli's theorem than with the 
exponent derived from penetration 
theory (1) (that is, 3 and 2, respec- 
tively); however the value of the nu- 
merical coefficient is somewhat lower 
than predicted by either analysis 
(0.0104 and 0.0154, respectively). 

The range of variables covered by 
the flow regime II data are shown in 
Table 1. When one considers the ranges 
for both air and water, there is at least 
a tenfold variation in all of the factors 
listed, and if the particle density ratio 
(pp - p ) / p  rather than particle den- 
sity were considered, then a greater 
than thirtyfold variation of all factors 
would be represented. The scatter of 
the flow regime I1 data of Figure 3 
shows that the analysis for particles 
smaller than the thickness of the lami- 
nar sublayer (flow regime I) is no 
longer adequate and that additional 
parameters must be considered in 
order to obtain a satisfactory correla- 
tion. 
CORRELATION OF RESULTS 
Minimum Tronsport Condition 

Conventional dimensional analysis 
showed that the minimum transport 
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UJU,' = 0.010 (D, UOU p / p ) *  ( l a )  

condition for the limiting case of infi- 
nite dilution could be expressed by the 
relation 

U,/u,* = k { (D, U , * / u ) a  (D  u,*/v)b 

c ( P P - P ) / P I c )  (12) 
with the constant k and the exponents 
a, b, and c to be determined experi- 
mentally. In addition to the Reynolds 
numbers mentioned in the mechanism 
section, the one new variable is the 
term [ (pp - p )  / p ] .  Note also that in 
Equation (12) the gravitational terms 
are incorporated in the terminal set- 
tling velocity and the pressure gradient 
is incorporated in the friction velocity 
[Equations ( 3 )  and ( 4 ) j .  

The results of the analysis of the 
minimum transport data for flow regime 
11 are shown graphically in Figure 4 
and are given by Equation (12) when 
k = 4.90, a = 1, b = -0.60, and 
c = 0.23. With these values the data 
are correlated with a mean deviation of 
+26 and -17% and a maximum 
deviation of + 55 and -38 % . 
Concentrotion Dependence 

The friction velocity at the minimum 
transport condition was found to be 
proportional to the square root of the 
volume fraction solids for all concen- 
trated gas and liquid suspensions as 
illustrated in Figure 2 and Equation 
( 11). The constants of proportionality 
K obtained by application of Equation 
( 11) to the gas and liquid suspension 
data are shown in Figure 5 plotted as 
UU," VS. U,/U,*.  For flow regime 11 
the data are fitted by the equation 

K/u,,' = 2.8 ( U t / ~ , ' ) ' ' 3  (13) 
with a mean deviation of +28% and 
-18%. If one combines Equation (13) 
and Equation (11),  the complete ex- 
pression for the concentration depend- 
ence of the minimum transport correla- 
tion is 

Care must be exercised in using 
both Equations (12) and (14) with 
data for gas-solid suspensions because 
of the minimum observed in the plots 
of friction velocity vs. concentration 
(Figure 2) .  Although there were in- 
sufficient data to completely specify 
the nature of the minimum, some 
qualitative observations may be made: 

1. In each of the gas-solid references 
cited, sufficient data were included to 
definitely establish the existence of the 
minimum. 

2. In only one case was there enough 
data to accurately locate the curve on 
both sides of the minimum. In other 
cases the uncertainty in the location of 
one arm of the curve was estimated; 
this uncertainty is shown by the wings 
on those points. 

3. The friction velocity for the gas- 
solid data used in Equation (12) was 
the intercept of the dilute portion of 
the curve, whereas the friction velocity 
for the gas-solid data used in Equation 
(14) was designated as u * ~ , ~ .  
4. As shown in Figure 5 the ratio 

( U * . / U * ~ , . )  may be considered a con- 
stant within rather broad limits with 
an approximate value of 4.4 (see Table 
2) .  

The increase in slope of the curve 
at  the transition from regime TI to 
regime I (Figure 5) is consistent with 
the previous observation (1 ) that the 
minimum transport friction velocity 
was essentially independent of concen- 
tration for all regime I data. In other 
words a value of K/u,' = 1 corre- 
sponded roughly to an increase of only 
10% in the friction velocity as the con- 
centration was increased from 0 to 
0.317 volume fraction solids. 

DISCUSSION OF RESULTS 

Comparison of the upward forces 
acting on a particle resting on the bot- 
tom of a horizontal pipe showed that 
the primary contribution was due to 
Bernoulli forces arising from instan- 

Fig. 4. Minimum transport correlation for limiting cose of 
infinte dilution. 
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taneous velocity differences accompany- 
ing turbulent fluctuations. Irmay (20) 
showed that these forces were localized 
in the buffer layer and that they pro- 
duced a mean acceleration reaching 15 
g L  and more. Since measurement of the 
turbulent fluctuations was beyond the 
scope of the present study, advantage 
was taken of the proportionality be- 
tween the turbulent fluctuations and 
the friction velocity (21 ) to obtain an 
estimate of the magnitude of the fluc- 
tuations. On this basis the ratio U , /  
u,’ may be considered as a measure of 
the tendency of gravitational forces to 
overcome the action of turbulent fluc- 
tuations. This ratio has also been shown 
(11) to be the principal factor affect- 
ing the distribution of solids in a flow- 
ing stream [Equation (2) ] .  At this 
point it was necessary to resort to di- 
mensional analysis and experiment to 
obtain the functional relationship be- 
tween the term Ut/u,’, the system 
dimensions, and operating variables. 
The problem was divided into the 
limiting case of the minimum transport 
conditions at infinite dilutions and the 
concentration dependence. The final 
results were 

U,/U,” = 4.90 ( D ,  u,*/v)  

( v / D  U O Q ) O  B‘ [: (Pp - P ) / P l ” =  (15) 
and 

The gas-solid suspension data were in 
good agreement with the liquid-solid 
suspension data, although additional in- 
formation is required on the charac- 
teristics of gas-solids flow in order to 
complete the details of the concentra- 
tion dependence. 

The fact that a simple functional 
relationship was obtained for the com- 
bined data for flow regimes 11 ( a ) ,  
I1 ( b )  , and I11 ( c )  which covered the 
very wide range of variables listed in 
Table 1 indicate that in all probability 
one mechanism is controlling through- 
out the entire range, This supports the 
results presented by Irmay ( 2 0 )  and 
Mine and Runstadler (26) which show 
that the large mean accelerations and 
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TABLE 2. EFFECT OF PARTICLE CHARACTERISTICS ON RATIO OF MINIMUM 
TRANSPORT FRICTION VELOCITIES FOR GAS-SOLID SUSPENSIONS 

FOR THE LIMITING CASE OF INFINITE DILUTION 

Particle characteristics I D $c,  volume frac- UOQ 

Material Diameter, D,, Y p p ,  g./cc. DP tion solids uc, o Q  

Rape seed ( 29 ) 1,675 1.08 26.5 0.018 6.4 
Glass beads (29) 
Sand (29) 
Cress seed (27) 
Mustard seed (33) 2,000 1.13 17.5 0.0007 2.6 

97 2.6 162.0 0.014 5.2 Glass beads (28) 

587 2.49 75.7 0.004 4.3 
930 2.64 47.8 0.004 3.7 

1,060 1.17 24.0 0.031 4.4 

forces which act in a particle are largely 
limited to the buffer layer defined by 
Equation (9). In other words, although 
individual particles may have quite 
different trajectories in the different 
flow regimes, the initial upward im- 
pulse is apparently localized in the 
buffer layer resulting in the single 
straight-line relation shown in Figure 4. 
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NOTATION 

a,b,c = 
C1,G = 

D =  
D, = 
e =  
go = 

g L  = 

k =  
K =  
Nm =z 

u,Q = 

u,Q = 

uc,o” = 

u,” = 

u+,y+ = 

u =  
Ut = 

Y =  
Z J ,  = 

u =  

exponents, dimensionless 
concentration, particles per 
unit volume at positions 1 and 
2 
tube diameter, ft. 
particle diameter, ft. 
2.718 . . . . 
conversion factor, (1b.-mass/ 
1b.-force) (ft./sec.”) 
gravitational acceleration, ft./ 
sec? 
coefficient, dimensionless 
coefficient, ft./sec. 
Reynolds number, dimension- 
less 
friction velocity at minimum 
transport condition (MTC) , 
ft. /see. 
friction velocity at MTC for 
limiting case of infinite dilu- 
tion, ft./sec. 
friction velocity at MTC from 
extrapolation of concentrated 
gas-solid suspension data, ft./ 
sec. 
friction velocity, ft./sec. 
local velocity, ft./sec. 
velocity profile co-ordinates, 
dimensionless 
mean stream velocity, ft./sec. 
terminal settling velocity, ft./ 
sec. 
distance from pipe wall, ft. 
vertical distance at positions 
1 and 2, ft. 

A.1.Ch.E. Journal 

Greek Letters 
A p / L  = pressure gradient, Ib.-force/ 

K = coefficient, dimensionless 
p = coefficient of viscosity, 1b.- 

v = kinematic viscosity, sq. ft./sec. 
p = fluid density, Ib.-mass/cu. ft. 
pm = mixture density, 1b.-mass/cu. 

ft. 
pn = particle density, 1b.-mass/cu. 

ft. 
T, = wall shear stress, 1b.-force/sq. 

ft. 
4 = volume fraction solids, dimen- 

sionless 
4c = volume fraction solids at mini- 

mum in gas-solid suspension 
curve, dimensionless 

cu. ft. 

mass/ft. sec. 

J, = function of, dimensionless 
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Steady Flow of an Oldroyd Viscoelastic Fluid 
in Tubes, Slits, and Narrow Annuli 

MICHAEL C. WILLIAMS and R. BYRON BIRD 
University of Wisconsin, Madison, Wisconsin 

RHEOLOGICAL MODELS 

One of the objectives of rheology is 
the development of generalized mod- 
els to describe the mechanical be- 
havior of classes of real liquids in a 
wide variety of steady and unsteady 
state conditions. Attempts to do this 
have been little more than construc- 
tions of empirical models to fit experi- 
mental data. Generalized Newtonian 
functions such as the power-law, 
Bingham, and Reiner-Philippoff func- 
tions (1, 5, 23) are found to describe 
steady flow of some materials in 
several simple geometries. However 
their use is usually restricted to a 
rather narrow range of steady flow 
conditions. Furthermore it is doubt- 
ful whether model parameters deter- 
mined in one kind of viscometer would 
agree with those found in another 
type of viscometer. For example 
Fredrickson (5) found that the power- 
law constants obtained from tube 
flow data were not in general valid 
for axial flow in a coaxial cylindrical 
annulus. 

A basic weakness of these general- 
ized Newtonian models is their failure 
to account for elastic phenomena. 
Such effects have been tentatively 
described by functions which involve 

time derivatives of varied signifi- 
cance, as listed in Table 1. The stand- 
ard linear viscoelastic models utilize 
only a/at  and are inappropriate in 
situations where significant inertial 
forces exist. Recently several rheologi- 
cal models have been proposed which 
use more general time derivatives (see 
Table l ) ,  and which are intended to 
combine and extend previous visco- 
elastic and non-Newtonian models. 
Some of these are shown in Table 2.’ 
In that table each model is given in 
the forms 0 = P ( r t k ,  c e k ) ;  the terms 

* See also reference 13 for an analytical com- 
parison of several rheological models. 

(0) (b) 

Fig. 1. (a) Cylindrical geometry; (6) plane 
slit geometry. 

present in the function P are indicated 
by denoting the constant and operator 
multipliers associated with them. For 

example the De Witt model is 

D 
Al-) Dt rLiL + 27. el, = 0. The quanti- 

ties A,, A,, K ~ ,  K ~ ,  p0, p,, p2, vl, v2 are con- 
stants with dimensions of time, 7) is a 
variable viscosity (g. cm.? sec:‘), and 
7” is a zero-shear viscosity. 

In Tables 1 and 2 Cartesian tensors 
are used with the usual summation 
convention. The quantities T~~~ are the 
components of the shear-stress tensor. 
The rate-of-strain tensor E , ~  and vortic- 
ity tensor o , , ~  are defined in the usual 
way: 

I 1 auk au, \ 
I ;  €,,=- -+- 

2 ax, ax, 

Experimental testing of the newer 
viscoelastic models has been somewhat 
limited in scope. Model ( d )  has been 
reported to be successful in describing 
the response of certain dilute polymer 
solutions to small-amplitude oscillation 
(1 7, 20, 30) .  Model ( e )  predicts in- 
correctly the normal stresses present 
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